Abstract. We provide further techniques to study the Dolbeault and Bott-Chern cohomologies of deformations of solvmanifolds by means of finite-dimensional complexes. By these techniques, we can compute the Dolbeault and Bott-Chern cohomologies of some complex solvmanifolds, and we also get explicit examples, showing in particular that either the ∂∂-Lemma or the property that the Hodge and Frölicher spectral sequence degenerates at the first level are not closed under deformations.
Introduction
Among other techniques, the theory of small deformations of holomorphic structures, initiated and developed by K. Kodaira and D. C. Spencer, L. Nirenberg, and M. Kuranishi, provides a large source of examples of compact complex manifolds.
As a natural problem, the behaviour of special metrics or cohomological properties under deformations deserves special interests in order to better understand the geometry of complex manifolds. In such aInspired by [26] , we prove the following result. Theorem 1.1. Let (M, J) be a compact complex manifold, and consider deformations {J t } t∈B such that J 0 = J. We suppose that we have a family C
•,• t = φ
•,• i (t) i t∈B of sub-vector spaces of (∧
•,•
Jt M, ∂ t ,∂ t ) parametrized by t ∈ B so that: (1) for each t ∈ B, it holds that (C •,• t ,∂ t ) is a sub-complex of (∧
Jt M,∂ t ); (2) φ , where we denote by * gt the anti-C-linear Hodge- * -operator of g t , and by 2n the real dimension of M . Proof. Consider the operators∂ * t = − * gt∂t * gt and ∆∂ t =∂ t∂ * t +∂ * t∂ t . Then by the conditions (1) and (4), the operator ∆∂ t can be defined on C
•,• t . By a result by K. Kodaira and D. C. Spencer, [26, Theorem 11] , see also [25, Theorem 7 .1], for each t ∈ B, we have a basis {e 1 (t), . . . , e i (t), . . .} of ∧
Jt M and continuous functions a 1 (t) ≤ · · · ≤ a i (t) ≤ · · · on B such that ∆∂ t e i (t) = a i (t)e i (t) for any i. Since ∆∂ t is defined on C
•,• t , we can take a subset {e i1 (t), . . . , e i ℓ (t)} of {e i (t)} i that is a basis of C
•,• t . Take {e j (t), . . . , e j+k (t)} = {e i (t) | a i (0) = 0}. Then {e j (0), . . . , e j+k (0)} is a basis of ker ∆∂ 0 . By the assumption (3), we have ker ∆∂ 0 ⊆ C
•,• 0 . Hence we have {e j (t), . . . , e j+k (t)} ⊆ C
•,• t for any t ∈ B. Since each a i is continuous, we have, for sufficiently small t ∈ B, that a j−1 (t) < 0 and 0 < a j+k+1 (t). Hence we have ker ∆∂ t ⊆ {e j (t), . . . , e j+k (t)} ⊆ C
•,• t . Hence the theorem follows.
Analogously, as regards the Bott-Chern cohomology, by considering the operators∂ * t = − * gt∂t * gt and ∂ * t = − * gt ∂ t * gt , and∆ BC t = ∂ t∂t∂ * t ∂ * t +∂ * t ∂ * t ∂ t∂t +∂ * t ∂ t ∂ * t∂ t + ∂ * t∂ t∂ * t ∂ t +∂ * t ∂ t + ∂ * t ∂ t , see [26, Proposition 5] and [40, §2 .b], a similar argument yields the following result. Theorem 1.2. Let (M, J) be a compact complex manifold, and consider deformations {J t } t∈B such that J 0 = J. We suppose that we have a family C
Jt M, ∂ t ,∂ t ) parametrized by t ∈ B so that: (1) for each t ∈ B, it holds that (C
4) there exits a smooth family {g t } t∈B of J t -Hermitian metrics such that * gt (C
, where we denote by * gt the anti-C-linear Hodge- * -operator of g t , and by 2n the real dimension of M . Then, for sufficiently small t, the inclusion C
Applications: nilmanifolds
Consider nilmanifolds, that is, compact quotients of connected simply-connected nilpotent Lie groups by discrete co-compact subgroups, and take left-invariant complex structures. By considering the subdouble-complex
* of left-invariant differential forms, where g is the Lie algebra associated to the nilmanifold, one recovers the stability results in [9, 3] [3, Theorem 3.9] ). Let X = Γ\G be a nilmanifold, and denote the Lie algebra associated to G by g and its complexification by g C := g ⊗ R C. The set of G-left-invariant complex structures on X such that the inclusion
, is open in the set of G-left-invariant complex structures on X.
We recall that, in view of [38 
Applications: solvmanifolds
In order to investigate explicit examples, we recall some results concerning the computations of Dolbeault cohomology for solvmanifolds of two special classes, namely, solvmanifolds of splitting-type, [22] , and holomorphically parallelizable solvmanifolds, [43] .
We start by considering solvmanifolds of the following type, see [22] . Assumption 3.1. Consider a solvmanifold X = Γ\G endowed with a G-left-invariant complex structure J. Assume that G is the semi-direct product C n ⋉ φ N so that:
(1) N is a connected simply-connected 2m-dimensional nilpotent Lie group endowed with an N -leftinvariant complex structure J N ; (2) for any t ∈ C n , it holds that φ(t) ∈ GL(N ) is a holomorphic automorphism of N with respect to J N ; (3) φ induces a semi-simple action on the Lie algebra n associated to N ; (4) G has a lattice Γ; (then Γ can be written as Γ = Γ C n ⋉ φ Γ N such that Γ C n and Γ N are lattices of C n and, respectively, N , and, for any t ∈ Γ ′ , it holds φ(t)
Consider the standard basis {X 1 , . . . , X n } of C n . Consider the decomposition n ⊗ R C = n 1,0 ⊕ n 0,1 induced by J N . By the condition (2), this decomposition is a direct sum of C n -modules. By the condition (3), we have a basis {Y 1 , . . . , Y m } of n 1,0 and characters α 1 , . . . , α m ∈ Hom(C n ; C * ) such that the induced action φ on n 1,0 is represented by
Consider the Lie algebra g of G and the decomposition
, and let x 1 , . . . , x n , α
The following lemma holds.
Lemma 3.2 ([22, Lemma 2.2])
. Let X = Γ\G be a solvmanifold endowed with a G-left-invariant complex structure J as in Assumption 3.1. With the above notations, for any j ∈ {1, . . . , m}, there exist unique unitary characters β j ∈ Hom(C n ; C * ) and γ j ∈ Hom(C n ; C * ) on C n such that α j β
Hence, define the differential bi-graded sub-algebra B
(where we shorten, e.g.,
We recall the following result by the second author. 
As regards the Bott-Chern cohomology, defineB
Γ . The authors proved the following result. 
Another class of "cohomologically-computable" solvmanifolds is given by holomorphically parallelizable solvmanifolds, namely, compact quotients of connected simply-connected complex solvable Lie groups by co-compact discrete subgroups, [43] , see also [30] .
Let G be a connected simply-connected complex solvable Lie group admitting a lattice Γ, and denote by 2n the real dimension of G. Denote the Lie algebra naturally associated to G by g.
Denote by g + (respectively, g − ) the Lie algebra of the G-left-invariant holomorphic (respectively, antiholomorphic) vector fields on G. As a (real) Lie algebra, we have an isomorphism g + ∼ = g − by means of the complex conjugation.
Let N be the nilradical of G. We can take a connected simply-connected complex nilpotent subgroup C ⊆ G such that G = C · N , see, e.g., [13, Proposition 3.3] . Since C is nilpotent, the map
is a homomorphism, where (Ad c ) s is the semi-simple part of the Jordan decomposition of Ad c . We have a basis {X 1 , . . . , X n } of g + such that, for c ∈ C,
for some characters α 1 , . . . , α n of C. By G = C · N , we have G/N = C/C ∩ N and regard α 1 , . . . , α n as characters of G. Let {x 1 , . . . , x n } be the basis of g * + which is dual to {X 1 , . . . , X n }.
The second author proved the following result.
Theorem 3.5 ([24, Corollary 6.2 and its proof])
. Let G be a connected simply-connected complex solvable Lie group admitting a lattice Γ. Consider the finite-dimensional sub-complex B
As regards Bott-Chern cohomology, defineB
The authors proved the following result. 
Therefore, by Theorem 1.1 and Theorem 1.2, we get the following result, for which we provide explicit applications in the following.
Corollary 3.7. Let X be either a solvmanifold of splitting-type or a holomorphically parallelizable solvmanifold. Then the Dolbeault cohomology and the Bott-Chern cohomology both of X and of some suitable small deformations of X are computable by means of a finite-dimensional sub-double-complex of
We note that small deformations of a holomorphically parallelizable solvmanifolds does not necessarily remain holomorphically parallelizable. This was firstly proved by I. Nakamura, providing explicit examples on the Iwasawa manifold, [30, page 86, page 96] . In [36] , S. Rollenske studied conditions for which a small deformation of a holomorphically parallelizable nilmanifold is still holomorphically parallelizable, [36, Theorem 5.1] , proving that non-tori holomorphically parallelizable nilmanifolds admit non-holomorphically parallelizable small deformations, [36, Corollary 5.2] . We prove that the same holds true for holomorphically parallelizable solvmanifolds.
Theorem 3.8. Let X = Γ\G be a holomorphically parallelizable solvmanifold which is not a torus. Then there exists a non-holomorphically parallelizable small deformation of Γ\G .
Proof. By [36, Corollary 5.2], we can assume that Γ\G is not a nilmanifold. Take a connected simplyconnected complex nilpotent subgroup C ⊂ G such that G = C · N , where N is the nilradical of G. We can take a 1-dimensional complex Lie subgroup A ∼ = C with A ⊂ C and a 1-codimensional complex Lie subgroup G ′ with N ⊂ G ′ such that we have decomposition G = A ⋉ G ′ . Take a basis {x 1 , . . . , x n } of g * + which diagonalizes the semi-simple part of the C-action (where g + denotes the Lie algebra of G-left-invariant holomorphic vector fields on G). With respect to the above decomposition, we can take x 1 = d z for a coordinate z of the 1-dimensional complex Lie subgroup A, and x 2 = e a2 z x ′ 2 for a nontrivial character e a2 z of A and a holomorphic form x ′ j on G ′ , by trigonalizing of the A-action. Then the Dolbeault cohomology of Γ\G is computed by means of
(and where we shorten, e.g.,
We consider the family {J t } t of deformations given by
Then, for any t, we consider the double-complex
and the J t -Hermitian metrics
We can apply Theorem 1.1. Now we have∂
. By this, for t = 0, we have dim C H 1,0 ∂t ( Γ\G ) < dim C G and hence ( Γ\G , J t ) are not holomorphically parallelizable.
Example: deformations of the Nakamura manifold
Consider the Lie group G = C ⋉ φ C 2 where
Then there exists a lattice Γ = (aZ + 2πZ) ⋉ Γ ′′ where Γ ′′ is a lattice in C 2 . The solvmanifold X := Γ\G is called (holomorphically parallelizable) Nakamura manifold, [30] .
In order to compute the Dolbeault, respectively Bott-Chern cohomologies of the Nakamura manifold, consider the sub-double-complexes B
•,• Γ and C
•,• Γ given in Table 1 and Table 2 , see [22, 4] . (For the sake of simplicity, we shorten, e.g., d z 23 := d z 2 ∧ dz 3 , where z 1 is the holomorphic coordinate on C and {z 2 , z 3 } is a set of holomorphic coordinates on C 2 .) Then, by [24, Corollary 6.2] and by [4, Theorem 2.24] , the inclusions B
We consider deformations {J t } t∈B over a ball B ⊂ C given by for computing the Dolbeault cohomology of the holomorphically parallelizable Nakamura manifold Γ\G .
As for deformations in case (1), we can compute the Dolbeault and Bott-Chern cohomologies by applying Theorem 1.1 and Theorem 1.2 to the complexes B Table 5 and Table 6 , respectively, and by considering the J t -Hermitian metrics g t := φ Table 3 , and we summarize the results of the computation of the Dolbeault and Bott-Chern cohomologies in Table 7 and  Table 8 , respectively.
As for deformations in case (2), we can compute the Dolbeault cohomology by applying Theorem 1.1 to the complex B
•,• Γ (t) in Table 5 , and by considering the J t -Hermitian metrics g t := φ 1,0
; the generators of the complex are defined starting from the forms in Table 4 , and we summarize the results of the computation of the Dolbeault cohomology in Table 9 .
(As regards the Bott-Chern cohomology for deformations in case (2), the vector space C
•,• Γ (t) does not provide a sub-double-complex for t = 0, and, by modifying it in order to be closed for both ∂ t and ∂ t , and * gt , as required in Theorem 1.2, it seems that the finite-dimensionality is no more guaranteed.) (As a matter of notations, we shorten, e.g., φ
2 (t).) Straightforwardly, (e.g., from Table 10 and by [6, Theorem B],) we get the following result. (See [23] for other examples of non-Kähler solvmanifolds satisfying the ∂∂-Lemma.) Proposition 4.1. Consider the holomorphically parallelizable Nakamura manifold (X, J 0 ), and its small deformations {J t } t∈B as in (1) or (2). Then (i) the deformations (X, J t ) as in case (1) satisfy the ∂∂-Lemma.
(ii) the deformations (X, J t ) as in case (2) satisfy the E 1 -degeneration of the Hodge and Frölicher spectral sequences, but do not satisfy the ∂∂-Lemma.
Example: Sawai and Yamada generalized manifolds
In this section, we study the cohomology of the generalized examples introduced and studied by H. Sawai and T. Yamada in [39] in order to generalize Ch. Benson and C. S. Gordon manifold [7] . Table 2 . The double-complex C
•,• Γ
for computing the Bott-Chern cohomology of the holomorphically parallelizable Nakamura manifold Γ\G . Table 3 . Definitions for setting the generators of the complexes B
•,• Γ (t), see Table 5 , and C
•,• Γ (t), see Table 6 , for the deformations in case (1), which are given by t ∂ ∂z1 ⊗ dz 1 , of the holomorphically parallelizable Nakamura manifold Γ\G . Table 4 . Definitions for setting the generators of the complex B
•,• Γ (t), see Table 5 , for the deformations in case (2), which are given by t ∂ ∂z1 ⊗ e z1 dz 3 , of the holomorphically parallelizable Nakamura manifold Γ\G .
Following [39] , let n be a complex nilpotent Lie algebra. We assume that
where
where {k j } j ⊂ N \ {0} is such that the Jacobi identity holds. Let G = C ⋉Ñ be the connected simply-connected complex Lie group corresponding to g. Then we have
with the product ( Γ\G ). We consider deformations {J t } t∈B over a ball B ⊂ C given by:
To compute the Dolbeault cohomology of ( Γ\G , J t ), consider the forms defined in Table 11 . More precisely, by applying Theorem 1.1 to the double-complex and to the J t -Hermitian metric
By simple computations we have the following result. Remark 5.2. In [22, 24, 11] , structures of holomorphic fibre bundles over complex tori with nilmanifoldfibres play a very important role for computing the Dolbeault cohomology of certain solvmanifolds. But, Table 7 . The harmonic representatives of the Dolbeault cohomology of the small deformations in case (1), which are given by t ∂ ∂z1 ⊗ dz 1 , of the holomorphically parallelizable Nakamura manifold, with respect to the Hermitian metric g t := φ by Proposition 5.1, such deformed complex solvmanifolds are not holomorphic fibre bundles over complex tori. Hence they provide new examples of "Dolbeault-cohomology-computable" complex solvmanifolds.
Closedness and openness under holomorphic deformation
We recall that a property P concerning complex manifolds is called open under holomorphic deformations if, whenever it holds for a compact complex manifold X, it holds also for any small deformations of X. It is called (Zariski-)closed (simply, closed ) if, for any family {X t } t∈∆ of compact complex manifolds such that P holds for any t ∈ ∆ \ {0} in the punctured-disk, then P holds also for X 0 .
It [4, Theorem 2.20] , the authors proved that the ∂∂-Lemma is not strongly-closed under holomorphic deformations, namely, there exists a family {X t } t∈B of compact complex manifolds and a sequence {t k } k∈N ⊂ B converging to 0 ∈ B such that X t k satisfies the ∂∂-Lemma and X 0 does not; more precisely, in [4, Example 2.17], X 0 is the completelysolvable Nakamura manifold.
We prove now that the ∂∂-Lemma is also non-(Zariski-)closed. Indeed, consider the holomorphically parallelizable Nakamura manifold Γ\G and its small deformations as in Section 4. While Γ\G does not satisfy the E 1 -degeneration of Frölicher spectral sequences, deformations as in case (1) and (2) do. While Γ\G does not satisfy the ∂∂-Lemma, deformations as in case (1) do. Hence we get the following result.
Corollary 6.1. The properties of E 1 -degeneration of Hodge and Frölicher spectral sequences and the ∂∂-Lemma are not closed under holomorphic deformations. Remark 6.2. Assuming that the property of being Moǐšhezon is closed under holomorphic deformations, see [32] , we get that the small deformations ( Γ\G , J t ) as in case (1) of the holomorphically parallelizable Nakamura manifold Γ\G provide examples of compact complex manifolds that are not Moǐšhezon but satisfy the ∂∂-Lemma. Table 9 . The harmonic representatives of the Dolbeault cohomology of the small deformations in case (2), which are given by t ∂ ∂z1 ⊗ e z1 dz 3 , of the holomorphically parallelizable Nakamura manifold, with respect to the Hermitian metric g t := φ 
